IOPSClence iopscience.iop.org

Home Search Collections Journals About Contactus My IOPscience

Finite-size corrections for the low-lying states of the integrable model with two- and three-

particle interactions

This article has been downloaded from IOPscience. Please scroll down to see the full text article.
1992 J. Phys. A: Math. Gen. 25 L261
(http://iopscience.iop.org/0305-4470/25/5/010)

View the table of contents for this issue, or go to the journal homepage for more

Download details:
IP Address: 171.66.16.59
The article was downloaded on 01/06/2010 at 17:57

Please note that terms and conditions apply.



http://iopscience.iop.org/page/terms
http://iopscience.iop.org/0305-4470/25/5
http://iopscience.iop.org/0305-4470
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience

J. Phys. A: Math. Gen. 25 (1992} L261-L265. Printed in the UK

LETTER TO THE EDITOR

Finite-size corrections for the low-lying states of the integrable
model with two- and three-particle interactions

R Z Barievt

Faculté des Sciences, Université de Tours, Parc de Grandmont, F-37200 Tours, France
Received 19 November 1991

Abstraet. The finite-size corrections to the ground state and the energy of the low-lying
states as a function of the size L are calculated for the one-dimensional integrable model
with two- and three-particle interactions. It is shown that the conformal structure can be
recovered if some extra conditions are imposed on the size and the ratio of the interaction
parameters of the system. In this case the conformal properties of modet! are the same as
those of the isotropic Heisenberg chain.

The calculation of finite-size corrections to the free energy of a lattice spin system and
the ground state energy and low lying part of the spectrum of a quantum spin chain
has become a subject of considerable interest in the theory of integrable two-
dimensional models. It is related with the fact that, due to development of the concept
of conformal invariance [1, 2] it was shown [3-5] that the conformal anomaly and the
scaling dimensions of primary conformal order parameters are directly accessible
through the finite-size corrections of an affiliated system defined on infinitely long but
finitely wide strips at criticality. Therefore the calculation of finite-size corrections
permits us to determine these important parameters describing the critical behaviour
of the systemn. Such a program was done for most integrable systems of classical and
quantum statistical physics [6-15].

In previous papers [16, 17] we proposed a new integrable spin chain with two- and
three-particle interactions and calculated exactly the ground state energy and the
specttum of excitations. In the present work we report the results of calculations of
the finite-size corrections to these quantities.

The model under consideration is described by the Hamiltonian

L
H=-% % 2(c}'(,,cjﬂ(,ﬁcfﬂ(,)cj(,))
Jj=1 =1,

L
+U Y ¥ (Cﬁr)cjﬂ(r)"'C}-+1(1-)Cj(f))"j+-r—1(r+|) (1)
j=1 =12

where ¢;(7) are electron creation and destruction operators on the sublattice r (r=
1,2, ¢y =cip), and M= €jn&n is the corresponding number operator. This
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Hamiltonian can be diagonalized by solving the set of Bethe ansatz equations [16]:

Lki+ Y 0(ki—Ag; a')=2ml; j=L2,...,n
a=1
Y 0As—k;a')— T 8(Ag—A,;2a) =27, B=12,....m
j=1 ¥=1
(2)
6(k; a’y =2 tan"'(coth &' tan 3k) —-r<ek;a)<mw
e®={1-IN"! 2=« o< U<,

Here k; are the momenta of the electrons and A, are connected with the particle
distribution between sublattices. I, and J, are integer (half-integer) numbers for even
(odd) m and n—m —1 respectively.

A solution of (2) corresponds to an eigenstate which is characterized by the total
number of electrons n and the number of electrons on the first sublattice m. The energy
and the momentum of this state are, respectively

E=-27 cosk (3)
i=1
n 211. n m
=1 5=27(5 1+ § 5). @
Jj=1 J=1 g=1

It was shown in a previous paper [17] that the excitations corresponding to the
redistribution of particles between sublattices have a gap. This means that its contribu-
tion in the finite-size corrections are exponentially small. Therefore we choose the
numbers J; as in the ground state

Ja=B—-(m+1})/2 B=12....,m m=n/2, (5)

This corresponds to the symmetrical case where we have the same number of particles
on each sublattice. Moreover, we may replace in (2) Z; by L |7 dA o(A) where a(A)
is the density of values Ag. Since the period of integration on A is a complete period
we get the following equations by Fourier transforming (2)

Li+ ¥ 0(k—k) =2, (6)
i=1

i=

where @'(k) = #(k) is the function which is defined in [16]
[=+3
F(ky=1+2 3 cos(nk)/[1+exp(2|a|n)]. 7N
n=1l

We choose two numbers I and I~ both equal to n/4 mod 1, so that I*— I~ =n and
YI'—I")=n and 3(I"+I")=d. For I, we take all the numbers equal to (n/2)+
1)/2 mod 1 between I* and I™. It corresponds to a Fermi point to the right one.

The equations (6) have the same structure of the corresponding equations in the
Heisenberg chain. Therefore in calculating the finite-size effects we closely follow the
method developed in [14, 15]. We define the functions

dX(k)

xw=tlkrtfon-k)]  pi-E. ®)
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With these definitions the Bethe ansatz equations (2) take the form
1
X(g) =1 & (9)

Using the Euler-Maclaurin formula

1 _" L [£U0) D), (1
L)J;f(k;)—L_f(k)pL(k)dk+24L2{pL(k_) pL(k+)}+0(L3) (10)

equations (8) and (9) can be written in the form:

1 ol 1 (qo'(k—k+) qo’(k—k'))
ky=—11+1 k-k' k) dk'+ - 11
p(k) 24{ J’k‘ o )po (k) 242 o(kH) (k) (11)
where the integration boundaries k™ are determined by
X(k*)=T%/L. (12)

The linear integral equation (11) is completed by the equations determining k¥ and
k™ which are obtained from (8) and (12)

J pu(k)dk=n/L

1 (° K
~2—{—J‘_p,_(k)dk+'|‘ pL(k)dk}zds
k 0

(i3)

Due to the linearity of (11) p, can be written in the following form

1 {q(k!k*, kﬁ)xq(—k!-k“,—k*)}
u pulk) pu(ic)

where p(k| k", k™) and (k| k™, k™) are the solutions of the following integral equations

pulk)y=p(k|k", k) + (14)

k+
p(k| k™, k) =%1T{1 +J _@lk—K)p(K'|k*, k7) dk'} (15)

k
k+
qlkik*, k™) =%1r{¢>’(k— k*)+ L_ plk—kq(k'k", k") dk'} (16)

Equations {13)-(16) form a closed system and determine completety the state under
consideration. The energy of this state according to (3), (10) and (14) is

1o ey L [tk e(—k’:—k‘)}
p E=elth k) 12L2{ kT ¢+ k) a7
with
k+
s(k*,k“)=J eolk)p(k|k*, k™) dk eolk) = ~2 cos k (18)
-
and

k+
e(k*, k)=sin k++I cos kq(k| k™, k™) dk. (19)
o
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The system is in the ground state if the energy in (17) is minimal with respect to r/L
and d/L. The procedure of minimization can be performed by the method used
previously for the Heisenberg chain [14] and for the one-dimensional Hubbard model
[15]. It leads to the following result. At the minimum we have k™ =-k"=Q,
e(k*, k™) = e, (the energy density of the infinite system). Near this point the energy
of the finite system (17} has the following form

1 1 2e(Q,— -nlL)? o 2
L L’ po(Q) |[47pe(Q)] P(0) 12 L
The momentum of the considered state is
29
@O =" nd
P 7 nd. (21)
In these expressmns polk} is the density of roots for the infinite system which was
determined in [ 16] as a solution of initegral equation, i.e. equation (14} for tr=-k"= Q
and
Q
n= _[ po(k) dk. (22)
-Q

Equation (20) gives the energy of the ground state if n —mL is minimal. Analogous
calculations can be performed for the finite-size corrections to the energy of the
low-lying states where excitations are introduced in the vicinity of the Fermi points.
We characterize the holes and particles in the vicinity of I, and I,. For the energy
and momentum of this state we obtain

“1_ (0) 129(0a Q) +
TE=7 lg + 12 () 22 UNTHND) (23)
=P+ (N -N) (20)
where
=LI,-LIy N‘=§I;—EI:- (25)

The expressions for the ground state (20) and for the specttum of low lying
excitations are not of the conformal form since the coefficient of the term proportional
to 1/ L? is still dependent on L for the arbitrary value ». This phenomenon is known
already for the Heisenberg chain in the external field [ 14] and is thought to be connected
with the possibility of a consistent definition of the continuum limit for the system. In
our case the spectrum will be analytic if 7 is rational. Then we ¢an choose n=7L in
the cxpression for the energy (20) and n An+ 7L in the expression for the excited
states (23). In this case the expressions (20) and (23) have the conformal anomaly ¢
and the conformal dimensions (X, S) of the operators associated with these excited
states: one has simply to compare (20) and (23) with the predictions of the conformal
theory {3-5, 13]. We have ¢=1 and

_f_an T pm(o)]z 2
X(an, d) [4wpm(o)] +[mo) 4
s(An,d)=And.

These formulae are analogous to those for the Heisenberg chain in the external
field [14). There, however, such abnormal behaviour of the Heisenberg chain is the

(26)



Letter to the Editor ' L265

result of the presence of a magnetic field. In our case it is the internal property of the
model we consider. It can be expected that a generalized soluble model containing an
arbitrary number of sublattices [18] has an analogous behaviour.
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